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Introduction

T HE study and analysis of internal flows have received
significant attention over the past several decades because

the operation of many physical devices, particularly regarding
aerospace-related hardware, depends on proper designs to
achieve near-optimum operating characteristics. Examples of
such devices include any configuration where the flow is con-
fined and an exchange between pressure and kinetic energy is
desired (e.g., engine inlets, wind tunnel diffusers, rocket noz-
zles, etc.). These devices can be geometrically complex as well
as viscous-flow dominated. Moreover, certain configurations
and conditions can result in unsteady flow.

In the past, the design of these devices has, for the large
part, depended on empirically based methodologies. More
recently, computational techniques have played an increas-
ingly important role in the design process as hardware becomes
less conservative and is required to operate near the edge of
the design envelope. A thorough computational investiga-
tion of flowfields of this type requires solution of the full
Reynolds-averaged, multidimensional, time-dependent Navier-
Stokes equations. Because solutions to these equations provide
essentially all pertinent flowfield parameters (assuming these
solutions are of acceptable accuracy), it is possible to perform
parametric studies of a proposed geometry/flowfield combi-
nation, which could, in turn, be used to reduce significantly
the risk associated with new hardware design. Unfortunately,
obtaining numerical solutions to these equations for complex
geometries and unsteady flowfields is expensive and time con-
suming, even using today's largest and fastest supercomputers.
Therefore, it is important to seek alternative means of per-
forming compute-based studies of proposed new hardware
designs.

The development of an engineering tool through which pre-
liminary estimates of unsteady supersonic internal flow pro-
cesses can be generated using available workstation-based
hardware is the underlying mission of the present effort. The
approach encompasses a viscous-inviscid interaction technique
where the flowfield is separated into inviscid and viscous parts
and the appropriate equation sets (corresponding to each re-
gion) are solved using a new interaction technique. The as-
sumption is made that inviscid flow phenomena can be ade-
quately represented using the unsteady, quasi-one-dimensional
(Q1D) Euler equations, whereas viscous effects are accounted
for using integral boundary-layer equations for unsteady, two-
dimensional, turbulent flow. Under these assumptions, the

objective of this Note is to demonstrate a new method for
computing unsteady interactions whereby the inviscid and vis-
cous equations are cast as a (single) coupled system of partial
differential equations and solved simultaneously. This ap-
proach to computing unsteady viscous-inviscid interactions for
internal flows differs from techniques previously reported,
where each equation set is solved independently of the other;
i.e., the coupling procedure was performed between the solu-
tions of the equations and not between the equations them-
selves. Viscous-inviscid coupling at the equation level has been
demonstrated by Drela and Giles1 for two-dimensional lami-
nar/turbulent airfoil flows, and excellent results were obtained
using minimal computational resources.1 However, the tech-
nique reported in Ref. 1 involved steady external flows, and
the present effort attempts to apply the approach to unsteady
internal configurations. The motivation behind the approach
presented herein is the observation that coupling the solutions
results in schemes that can have convergence difficulties.2
Moreover, marching the equations simultaneously yields a
time-accurate coupling for unsteady flows which is more
straightforward than marching each equation set separately.3
However, it must be emphasized that the validity of using the
simplified equations is very problem dependent and, similar to
other analytical/computational techniques, requires experi-
ence and engineering judgment with regard to whether the
approach and/or computed solutions represent reality. No at-
tempt is made at quantifying specific classes of problems for
which the approach presented herein can be used.

Use of the Q1D assumption for internal flow analysis is
certainly not new, and both viscous and inviscid techniques
have been reported. For example, the method of Mays4 was
perhaps the first to investigate time-dependent, variable-area
duct flows by numerically solving the unsteady, Q1D inviscid
flow equations. For purely steady subsonic diff user flows,
Harsha and Glassman5 developed a technique whereby the
boundary-layer equations for turbulent flow were solved in a
marching fashion by iterating on the pressure gradient re-
quired to satisfy mass conservation. White and Anderson6

investigated steady, inviscid, Q1D nozzle flows by numerically
solving the Euler equations. Adams et al.7 and Varner et al.8
solved the Q1D inviscid equations for supersonic mixed com-
pression inlets using a split-characteristics approach designed
to capture accurately moving shocks for investigating inlet
unstart/restart. A technique similar to that presented herein
was reported by Bussing and Murman,9 where the unsteady
Q1D Euler equations were solved by dividing the flow into
viscous and inviscid regions and modifying the inviscid equa-
tions to account for the mass defect brought about by the
presence of the boundary layer. However, boundary-layer
parameters were computed in a separate program and conse-
quently were not solved alongside the inviscid equations.

A generic geometric configuration for which the present
analysis is applicable is shown in Fig. 1. Fundamental consid-
erations to the approach taken herein are the assumptions that
the flowfield within the confines of the channel is not fully
developed and that an inviscid core of fluid exists and is al-
lowed to interact with the viscous region near the wall. The
displacement of mass brought about by the presence of this
viscous region has a thickness of 6*, defined by
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peued* = \ (peue-pu) dy
Jo

This displacement of mass affects the available flow area and
consequently is a primary mechanism through which the vis-
cous-inviscid interaction proceeds.

It should be pointed out that the preceding expression for 5*
is exact for planar flow but is in error for axisymmetric flow.
However, the preceding expression approaches the true mass-
flow defect length for the axisymmetric case when the local
body radius is large compared to the local boundary-layer
thickness.10 This is an important distinction11 because for cases
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Fig. 1 Definitions of boundary-layer and inviscid core parameters.

where the boundary layer is thick compared to the local radius,
d* will be in error and consequently any viscous-inviscid inter-
action technique that uses this parameter will also be in error.
Therefore, the present analysis is further restricted to cases
where the local boundary-layer thickness is small compared to
the local body radius.

Analysis
An analysis methodology used to compute dynamic behav-

ior of viscous internal flowfields must be capable of addressing
time-varying area as well as unsteady boundary-layer effects.
To that end, the equations that form the basis of the present
approach are the unsteady Q1D Euler equations and the un-
steady integral boundary-layer equations for turbulent flow. A
derivation of the unsteady Q1D Euler equations valid for
spatially and temporally varying area is given in Ref. 12.
A description of the procedure that couples the unsteady Q1D
Euler equations and the unsteady, integral boundary-layer
equations for turbulent flow follows.

The Euler equations for unsteady, Q1D flow as used herein
are given by7'8'12

d-
ot ox

- (PeUeA) + —— \(peU2
e + Pe)A] - pe —— = 0dx dx

d d r n dA- (EeA) + — [ue(Ee +pe)A] + pe — = 0
dt dx L J dt

(1)

(2)

(3)

where p = density, u = velocity, p = pressure, E = total energy,
t = time, and x = axial distance; subscript e has been added to
the gas dynamic variables to denote "edge" values, taken to be
those associated with the inviscid core. The area A (divided by
2-jr for axisymmetric flow) is given by

(3a)-1 yk dy

where, by definition, limits/and g of the integral represent the
lower and upper displacement surfaces associated with the
channel wall(s). As a consequence, the flow of fluid between
the/and g surfaces is inviscid, by definition. Note that for the
axisymmetric case, y is to be interpreted as the radial coordi-
nate and consequently k = 1, whereas in the planar case, y is
the cartesian coordinate normal to the channel centerline in
which case k = 0.

The equation set is completed by addition of the unsteady
boundary-layer momentum and mean- flow kinetic energy inte-
gral equations for two-dimensional turbulent flow,12

•\ *\ -i *\
- (Peued*) -ue- (Peep) + — —

(4)

jt [Peu2
e (0 + 6* - ep)] + 2Peue(Op- «)

(5)

where R is the local radius.
It should be noted that Eqs. (1-5) have been nondimension-

alized using the parameters /?ref, p*,, and Uw, where "~"
denotes a dimensional quantity. The reference length CRref)
and "oo" conditions are typically taken to be those associated
with the channel entrance. Similar to Eq. (3a), k = 0 for planar
flow or 1 for axisymmetric flow. Also, definitions of integral
lengths (6, 0P, etc.), skin friction (c/), and dissipation integral
(D) used in Eqs. (4) and (5) are given in Ref. 12.

The development of the coupled system of equations pro-
ceeds as follows. We can isolate the temporal derivatives by
rewriting Eqs. (1-5) as

-
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where b\ through b$ are defined by referring to Eqs. (4), (5),
(1), (2), and (3), respectively. Note that the equations are
strongly coupled through the gas dynamic variables pe,ue, and
pe, as well as area A.

The approach taken herein to place the equations in a form
amenable to solution follows that presented in Refs. 13 and 14,
where the temporal derivatives are expanded and the ensuing
terms algebraically manipulated to form a system of five
simultaneous partial differential equations. These manipula-
tions result in the following system of equations:

(11)

where L is a 5 x 5 matrix, b the right-hand-side vector contain-
ing spatial derivatives, and q the dependent variable vector
given by

= (PeueMeBHY (12)

Here Me is the edge Mach number, 6 the momentum thickness,
and H a shape factor defined using inte_gral lengths formed
with kinematic properties,11 i.e., H=d*/6 and d* = d*.

The number of unknown parameters in Eq. (11) is ten,
including those appearing in the vector b. Closure of the sys-
tem is accomplished through the use of several auxiliary rela-
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tions involving boundary-layer integral-length shape fac-
tors11'12 (e.g., H8* = d*/6, He* = 0*/09 etc.) and the perfect gas
equation of state. Details of the derivation of Eq. (11) along
with the elements of L are given in Ref. 12. Specific auxiliary
relations and correlations for c/, //6*, etc. are also given in
Ref. 12 as well as other references.11'15'16'17

The previous system of equations has been solved numeri-
cally using semidiscretization in conjunction with a two-stage,
explicit Runge-Kutta scheme employing first-order backward
spatial differences. The use of backward spatial differencing
stems from interrogating the eigenvalues of the matrix L ~ 1N,
where elements of the matrix TV are determined by rewriting
Eq. (11) as

dt dx
(13)

For supersonic flow, the eigenvalues of L ~ 1N are positive
(as well as real and distinct, at least for the cases investigated
herein), thus permitting the use of one-sided differencing. Be-
cause of the algebraic complexity of the elements of L and N,
analytic computation of these eigenvalues is not practical and
thus must be computed numerically.18 The time step is deter-
mined using the relation

At = (CFL)
AJC

(14)

where p(L~ 1N) is the spectral radius of the matrix L~1N and
CFL is the maximum allowable Courant number for that par-
ticular numerical scheme and spatial difference operator; e.g.,
one for two-stage Runge-Kutta using first-order backward dif-
ferences. For steady-state cases, convergence can be acceler-
ated by using local time stepping where the solution at each
point is advanced commensurate with flow conditions at that
point. For transient cases, solutions are advanced using the
maximum allowable At computed over all mesh points, often
referred to as minimum time stepping.

Results
The following solutions are for both steady and unsteady

supersonic flow. Because the methodology presented herein is
new, test cases are restricted to simple configurations with
relatively weak interaction, such that fundamental validity of
the solution procedure can be established. All solutions were
obtained using first-order backward differences with 51
equally spaced points in the axial direction. Computations
were performed on a Silicon Graphics, Inc. (SGI) Personal
IRIS 4d/30TG. The code was written such that computed
quantities can be graphically displayed as the solution pro-
gresses, i.e., animated. Steady-state solutions were converged
to machine epsilon (single precision) using the SGI Fortran 77
compiler (-O2 optimization), and convergence was obtained
in 400-800 time cycles using a CFL of 0.9 with local time
stepping. No attempt to optimize execution was made, result-

A Measured (Ref. 19)
o Measured (Ref. 19)
Q Measured (Ref. 19)

____ Computed
— — - Isentropic

Fig. 2 Fifteen-degree supersonic nozzle total pressure ratio.

ing in a processing rate of approximately 1.6x 10~3 CPU sec-
ond per time step per grid point.

Steady Flow Case
As noted in Ref. 5, detailed measurements of flowfield

parameters within internal configurations (subsonic and super-
sonic) are surprisingly sparse. However, conical converging-di-
verging 15 deg nozzle static pressure measurements19 are com-
pared with those computed using the present method in Fig. 2.
Also shown for comparison is the pressure distribution ob-
tained using one-dimensional isentropic relations between area
and Mach number. Different symbols shown in Fig. 2 corre-
spond to data obtained using various nozzle extensions for
stagnation pressures between approximately 40 and 150 psia.
The calculations were started from the geometric throat
where the dependent variable vector was held fixed at esti-
mated values of Me = 1.13, H = 1.5, and 6*7^ = 0.0021 (mea-
sured parameters were not available at this point). Conditions
at the nozzle exit were computed using a second-order extrap-
olation for each dependent variable. Except for the throat
region, where wall curvature is greatest, the comparison shown
in Fig. 2 is considered good. Note that viscous effects are
relatively small as indicated from the isentropic solution. A
"traditional" boundary-layer solution was obtained using a
code based on the steady integral boundary-layer equations
[i.e., Eqs. (4) and (5) with the temporal derivatives discarded,
essentially that reported in Ref. 11] and the computed core
pressure distribution shown in Fig. 2. Although not shown
here, boundary-layer parameters (e.g., skin friction, displace-
ment thickness, etc.) as computed using the steady-state ver-
sion11 were essentially identical to those computed using the
present interaction technique, indicating that the converged
solution of the unsteady code recovered that calculated by the
steady version. This result should be expected because of the
weak interaction.

Unsteady Case—Sinusoidally Varying Inflow
To investigate the present technique's ability to compute an

unsteady viscous-inviscid interaction, a straight-pipe configu-
ration (with a length of 10 pipe radii) was contrived where
upstream conditions are pulsated at some frequency. This was
accomplished by sinusoidally varying the entrance Mach num-
ber to yield a mean value of 2 with a magnitude of oscillation
of 0.2. Entrance values of density and velocity were varied
commensurate with the Mach number (holding stagnation
conditions constant) using isentropic relations, whereas mo-
mentum thickness and shape factor were held fixed. Condi-
tions at the channel exit were extrapolated using second-order
differencing. The reference Reynolds number at the pipe en-
trance was taken to be 5 million.

Illustrated in Fig. 3a are time histories of entrance (speci-
fied) and exit Mach number as computed by the present inter-
action technique for a nondimensional frequency (defined by
co = a>/?ref/t/oo) of 0.1. The code was executed for 2000 time
steps (CFL = 0.9), which resulted in approximately 550 time
steps per inflow Mach number cycle. Also shown in Fig. 3a is
the exit Mach number computed from the one-dimensional
Euler equations, using MacCormack's scheme.20 The phase
shift of the computed exit Mach number compared to inviscid
flow is the behavior one would expect because of blockage
brought about by the presence of the boundary layer. Similar
arguments can be made regarding the reduction of minimum
and maximum Mach numbers given by the viscous solution
compared to an inviscid flow.

Figure 3b presents axial distributions of displacement thick-
ness at four different time levels within one inflow Mach num-
ber cycle. The particular times shown correspond to inflow
Mach numbers of 2.0, 2.2, 2.0, and 1.8 (i.e., t = 125.7, 141.4,
157.1, and 172.8 as shown in Fig. 3a). It can be seen that as the
inflow Mach number goes through a cycle of oscillation, the
displacement surface responds as a moving "wave," which
increases and decreases corresponding to the imposed positive
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Fig. 3 Supersonic axisymmetric channel (oscillating inflow).

and negative axial pressure gradients, which, of course, are
unsteady. The passing of this wave through the channel exit is
illustrated more clearly in Fig. 3c, which shows time histories
of exit displacement and momentum thickness. Although not
shown here, other boundary-layer parameters (e.g., cf) exhibit
similar response to the imposed unsteady Mach number at the
channel entrance.

It should be emphasized that the two-dimensionality of the
in viscid core (e.g., Mach waves emanating from the displace-
ment surface) has been lost. The degree to which these and
other multidimensional effects may change the results shown
here is not quantitatively known. However, because the maxi-
mum angular fluctuation exhibited by the displacement sur-
face is approximately 0.10 deg, it can be argued that two-di-

mensional effects are neglible for this particular case. For
conditions leading to larger fluctuations, multidimensional ef-
fects could become prominent. Therefore, care must be taken
when using equations restricted to one-dimensional physics to
address configurations where multidimensional effects may
dominate.

Summary and Conclusions
Steady and unsteady quasi-one-dimensional internal super-

sonic flowfield calculations have been performed using a new
viscous-inviscid interaction technique where the inviscid and
viscous equations were directly coupled and solved simulta-
neously. The coupled system of equations was numerically
solved using a two-stage Runge-Kutta scheme with first-order
one-sided spatial differencing. Simple supersonic internal flow
test cases were computed, and the basic capabilities of the
computational procedure were demonstrated. Computations
were performed using engineering workstation hardware
where solutions could be graphically displayed as they were
calculated.

As stated earlier, a major objective of the present analysis
was to demonstrate that the equation sets governing viscous
and inviscid flow could be cast as a coupled system of partial
differential equations and solved simultaneously to produce
results of engineering accuracy. Because this approach to com-
puting viscous-inviscid interactions is relatively new, some
rather fundamental test cases (exhibiting weak interaction)
were attempted and reasonable results obtained. However, it is
felt that this Note presents the first step toward further devel-
opment of the new coupling technique. The ultimate utility of
the method lies in its ability to address strong interaction cases
(e.g., transonic flows with shocks and/or boundary-layer sep-
aration) because it is this type of interaction that tends to cause
convergence problems regarding previous coupling method-
ologies. Therefore, before the present technique can be consid-
ered a viable alternative for strong interaction cases, it must be
demonstrated to be more robust and yield comparable results
for fewer resources than previous techniques.
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nonlinear strains and curvatures of the reference surface are
given by

o _ _
^~

n cot$ w
e° = ̂ T"+*

\o _ _
s=~ds~ R R

(1)

where u and w are displacements in the meridional and radial
directions, respectively, and a the rotation of the normal
(Fig. 1). R is the radius of the shell.

The governing equilibrium equations for axisymmetric de-
formations of laminated spherical shells are derived using
virtual work principles and are given by
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Introduction

L AMINATED shells are finding increased applications in
the aerospace, automobile, and power industries. These

shells may be subjected to severe operational conditions, caus-
ing large deformations. There are not many investigations
reported on the analysis of laminated spherical caps undergo-
ing large axisymmetric deformations. Recently Xu1 has inves-
tigated, using shallow shell theory, the large deformation
problem of symmetrically laminated shallow spherical shells
using the Bessel-Fourier series approach. The present investi-
gation is concerned with the analysis, using deep shell theory,
of large axisymmetric deformation behavior of antisymmetri-
cally laminated cross-ply spherical shells. Estimates of snap
pressures for symmetrically laminated caps using deep shell
theory are compared with those of Xu.1 Some new results with
respect to antisymmetrically laminated caps are also pre-
sented.

Mathematical Formulation
Assuming the polar orthotropic cross-ply spherical cap to be

undergoing moderately large axisymmetric deformations, the
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The relationship between the stress and moment resultants
and generalized displacements, u, w, and a can be defined
through the elements of the usual A-B-D stiffness matrices.

The three nonlinear equations of equilibrium and the five
stress and moment resultants-displacement relations, along
with the corresponding six boundary conditions, are linearized
using the Taylor series approach.2 These sets of linearized
governing equations at each load step are then solved itera-
tively using a Chebyshev-Galerkin spectral method. The de-

Fig. 1 Geometry and coordinate system for the shallow spherical
cap.


